Coupling impedances and wakefields are fundamental quantities to characterize the electromagnetic interaction of a particle beam with the surrounding environment. In particular, collective effects, triggered by these self-induced fields, may play an important role in beam stability and machine performance. Within the framework of the LHC Injectors Upgrade project, since a significantly higher beam intensity is planned for the CERN Proton Synchrotron, wakefields are expected to increase their influence on the beam dynamics, and their evaluation is becoming important. In this paper we present the results of recent measurements of the longitudinal broadband coupling impedance by means of the incoherent quadrupole synchrotron frequency shift as a function of beam intensity. A detailed evaluation of the contribution of several machine installations to the total impedance budget is also presented and compared with the measurements.
I. INTRODUCTION
The longitudinal broadband impedance is an important parameter to characterize the electromagnetic coupling of a particle beam with the surrounding elements like kickers, radio-frequency (rf) cavities, diameter changes of the beam pipe, bellows, and many other installations close to the beam. The measured broadband impedance can be compared to the expected impedance obtained by evaluating the contributions of each relevant component. This may show whether all major contributing devices are well modeled and included. Additionally, in the framework of the LHC Injectors Upgrade project, important hardware changes are foreseen in the CERN Proton Synchrotron (PS), like new injection elements for an increased injection energy [1] . Based on the measurements presented in this paper, it will be possible to assess their impact on the broadband impedance.
The first estimations of the coupling impedance in the PS date back to the late 1970s. These measurements, based on longitudinal stability during debunching and on quadrupole beam transfer functions [2, 3] , were already indicating an impedance in the range of ZðpÞ=p ' 25 [4] . A more refined measurement campaign of the broadband impedance [5] , employing the same beam transfer function technique as used for the measurements presented in this paper, took place in the framework of the preparation of the PS as LHC injector. A broadband impedance of ZðpÞ=p ¼ ð21:7 AE 5:1Þ was obtained.
With the improvement of the measurement techniques and a better control of the longitudinal beam parameters, notably the capability to produce bunches with constant longitudinal emittance over a wide intensity range, this paper presents the results of the latest measurement campaign.
The measurements have been performed by observing the quadrupolar beam transfer function and deducing the zero-amplitude synchrotron frequency as a function of bunch intensity. Similar longitudinal broadband impedance measurement campaigns in the CERN Super Proton Synchrotron (SPS) were regularly performed but by injecting a mismatched bunch and observing its quadrupole oscillations [6] instead of exciting the beam with noise.
In the following section we show the measurement setup and the results of the data analysis, from which an inductive broadband impedance has been derived. The coupling impedance has been used in a simulation code in Sec. III to reproduce the measurement results by means of what we can define as a ''virtual measurement'' and to confirm the validity of the method we used to obtain the machine impedance. Finally, in Sec. IV, we analyze the elements that mainly give an important contribution to the total coupling impedance, compare the results with those obtained from the measurements, and derive a longitudinal broadband impedance model.
II. MEASUREMENTS
The measurements of the quadrupole synchrotron frequency were performed at a fixed momentum of 26 GeV=c [7] and with a single-harmonic rf system at 40 MHz. A single bunch with an intensity of up to N p ¼4:5Â10 11 protons was injected from the PS Booster and accelerated in the PS on the 16th harmonic (h ¼ 16) of the revolution frequency to a momentum of 26 GeV=c. On the flat top, the bunch was first synchronized to a fixed revolution frequency of f 0 ¼ 476:82 kHz, allowing us to pulse a higher-harmonic rf cavity at 40 MHz, the 84th harmonic of the revolution frequency. About 150 ms before extraction the bunch was handed over from h ¼ 16 (f RF ¼ 7:629 MHz) to h ¼ 84 (f RF ¼ 40:052 MHz). This rebucketing to the 40 MHz rf system was completed 140 ms before extraction. Aside from a 5 ms time window for longitudinal emittance measurements, about 130 ms were left under stationary conditions to perform the beam transfer function (BTF) measurement. During that time, the bunch was held with a constant 40 MHz rf voltage. No beam phase loop was active during the measurements. The length of the magnetic flat top and hence the measurement duration could not be stretched to avoid a too large heating of the main and auxiliary coils of the magnets, and averaging over many cycles was applied to improve the quality of the measurements.
A. Measurement setup
The spectrum of the incoherent quadrupole synchrotron frequency has been obtained by measurement of the longitudinal BTF with the setup sketched in Fig. 1 . A bandwidth limited white noise (up to 2 kHz) was generated by the internal source of an Agilent 89410A vector network analyzer. This frequency range was chosen to fully cover the quadrupole synchrotron frequency and to achieve the best possible resolution within the 130 ms time window for the measurements. The noise signal was gated in order to only affect the beam during the well-defined duration of the measurement and was added as an amplitude modulation to the voltage program of the 40 MHz cavity. Since the peak amplitude of the noise was independent of the voltage in the 40 MHz rf cavity, the amplitude modulation index ranged from 0.07 to 0.13. A copy of the noise signal used for amplitude modulation was directly fed to the reference channel of the vector network analyzer. Taking the noise signal to the reference channel directly from the source and not from the gap of the 40 MHz cavity did not introduce a significant error, as the 3 dB bandwidth of the voltage control loop was measured to be of the order of 20 kHz. The delay between noise source and cavity gap does not introduce any significant phase shift in the relevant frequency range up to 2 kHz.
A wall-current monitor (WCM95) was used to pick up the longitudinal beam signal, followed by a peak detector with a time constant of several turns, but well below the quadrupole synchrotron oscillation period. The attenuation of the beam signal was chosen to get optimum signal amplitude to the peak detection circuit and special care was taken to avoid saturation. The peak-detected beam signal was then fed to the second channel of the vector network analyzer (see Fig. 1 ). The gating switch in front of the second input protects the measurement instrument from overvoltage, which may occur outside the measurement time window. Amplitude and phase of the quadrupole BTF are then determined by the analyzer by calculating the vectorial ratio of a peak-detected beam signal and noise excitation and subsequent averaging over many individual acceleration cycles. A typical averaged quadrupole synchrotron frequency spectrum is shown in Fig. 2 .
The zero-amplitude quadrupole synchrotron frequency is given by the discontinuity of the phase curve following the 180 phase advance [8, 9] . Indeed, in a single-harmonic rf system, the incoherent synchrotron frequency decreases with the oscillation amplitude of the individual particle in the longitudinal phase space, due to the nonlinearity of the rf force. Particles in the center of the bunch thus have the highest, so-called zero-amplitude synchrotron frequency [10] . The bunch spectrum has a sharp cutoff at this frequency [11] . This cutoff forms the knee of the phase curve of the longitudinal beam transfer function. This welldefined point of the phase of the transfer function, when the beam response vanishes, is readily determined from the measurements. The small peak in both amplitude and phase at half that frequency is a direct observation of the synchrotron frequency due to residual dipole oscillations.
B. Data analysis
Two series of single-bunch measurements were made during two different machine development sessions. The momentum of p 0 ¼ 26 GeV=c was chosen to minimize the effects of space charge as will be shown in Sec. IV. We repeated the measurements at different rf peak voltages. Each measurement was taken by averaging over 16 acceleration cycles with approximately the same intensity and longitudinal emittance.
During the measurements the longitudinal bunch profile was recorded and the bunch length was obtained by fitting the profile both with a Gaussian and a parabolic line density distribution. Both models fit well the measured bunch profile, as shown in Fig. 3 . The expected bunch deformation due to potential well distortion was too small to be observed directly, and all bunch profiles up to N p ¼ 4:5 Â 10 11 appear to be symmetric. The results of the measurements, shown in Table II of the Appendix, have been used to obtain the low frequency longitudinal reactive impedance. The longitudinal equation of motion of a single particle in the presence of the self-induced wakefields is [12] 
with the position of the particle with respect to the synchronous one, ! s0 the natural synchrotron frequency, V RF the rf peak voltage, h the harmonic number, s the synchronous phase ( cos s < 0 above transition), ! 0 the revolution frequency, Zðp! 0 Þ the longitudinal broadband coupling impedance, and 0 ð!Þ the bunch spectrum of the stationary distribution.
In the absence of wakefields, the linear synchrotron motion has been assumed, and all the particles oscillate at the same frequency ! s0 independently of their amplitude. Stationary wakefields introduce several effects, including an incoherent quadrupole synchrotron frequency shift, which, for a Gaussian distribution, can be obtained from the expression [12, 13] 
where f 2s is the quadrupole synchrotron frequency and G is the rms bunch length. If we consider, instead, a parabolic line density and a pure inductive impedance, i.e., with constant Im½ZðpÞ=p, the quadrupole synchrotron frequency shift is derived from [12] 
with b the total bunch length. The two expressions come from the same initial equation of motion, Eq. (1), but derived with different methods. For the Gaussian distribution, a linearization of the coherent force by taking only the first order expansion of the exponential term e ip! 0 has been used, while for the parabolic line density case, the infinite summation on the righthand side of Eq. (1) has been expressed in a closed form and a coherent force linear in has been obtained without any approximation.
If we compare Eq. (2) with Eq. (3), by considering b ' 4 G , we observe that the parabolic line density predicts a frequency shift about a half of that obtained with the first order expansion and a Gaussian distribution for the same impedance. In other words, the parabolic model tends to provide twice larger impedance than the Gaussian model for the same measured quadrupole synchrotron frequency shift. A quadrupole frequency shift derived with the same method that led to Eq. (2) but by using a parabolic amplitude distribution has already been presented in [12] , where the same factor 2 difference with the parabolic line density distribution has been evidenced. This difference is then not the result of the longitudinal distribution function but rather of the truncation in the expansion of the exponential term of Eq. (1).
By using the results of the measurements, the normalized incoherent quadrupole synchrotron frequency as a function ofX can be plotted for both of the models, as shown in Fig. 4 . The error bars have been obtained by using the uncertainty propagation from the measured data. The slope of the linear regression, obtained with the method of least squares, gives directly the broadband longitudinal reactive impedance of the machine, which is Im½ZðpÞ=p ¼ ð18:4 AE 2:2Þ for the parabolic line density distribution and Im½ZðpÞ=p¼ð9:7AE1:3Þ for the Gaussian distribution.
The factor of 2 in the values of Im½ZðpÞ=p, obtained by using the two distribution models, is confirmed by the results of simulations, which indicate that the parabolic line density distribution is more suited to the PS case, as we will show in the next section, where the same analysis technique used for the measurements has been applied to simulations. Moreover we observe that an impedance of Im½ZðpÞ=p ¼ ð18:4 AE 2:2Þ is very close to the results obtained in previous measurements [5, 14] .
To conclude the data analysis, we observe that, during our measurements, most probably the PS machine was operated below the microwave instability threshold. In fact, by applying the Boussard criterion [15] , the singlebunch intensity threshold is measurements, that is ¼ 2:53 Â 10 À2 , G ¼ 2:3 ns, and p ¼ 3:6 Â 10 À4 , we get N p ' 10 12 , which is more than a factor of 2 above the maximum intensity used for the measurements. Moreover, previous observations of bunch profiles with a sampling rate of 20 Gs=s during the first turn in the SPS did not show evidence of a microwave instability in the PS [16] .
III. SIMULATIONS AND ANALYTICAL RESULTS
Simulations of longitudinal beam dynamics, taking into account the collective effects of wakefields, are a powerful tool to better understand the beam behavior. We have therefore performed a series of simulations by using a tracking code initially developed to study the longitudinal beam dynamics in the electron storage ring DAÈNE at LNF-INFN [17, 18] and recently adapted to the beam parameters of the CERN PS. For the simulations we have used 10 5 macroparticles. In order to check which distribution model is most appropriate in our case to evaluate Im½ZðpÞ=p, we have performed some ''virtual measurements'' by means of the simulation code. Indeed, we can track the synchrotron oscillations of each macroparticle and, by means of the fast Fourier transform, obtain the corresponding frequency spectra. By including the collective effects due to the wakefields, an incoherent quadrupole frequency shift as a function of beam intensity can be extracted. In Fig. 5 an example of the fast Fourier transform phase of the incoherent frequency spectrum around ! ¼ 2! s0 is shown at different bunch intensities with a pure inductive impedance of Im½ZðpÞ=p ¼ 18:4 , and it can be compared to the phase of the measured beam signal shown in Fig. 2 . A quadrupole synchrotron frequency decreasing with bunch intensity is clearly visible in the zoomed portion.
By performing the same analysis as with the measured data, we obtain the plots of Fig. 6 , with the Gaussian distribution giving a reactive impedance Im½ZðpÞ=p ¼ ð8:5 AE 0:6Þ , which is about half the value of our input impedance, while with the parabolic line density and Eq. (3) we obtained Im½ZðpÞ=p¼ð18:2AE1:2Þ , very close to the measured value. From these results we can conclude that, for the PS parameters, the more appropriate expression for the analysis of our measurements is given by Eq. (3) .
In Fig. 7 we show the comparison of the quadrupole synchrotron frequency shift of the simulations and of the measurements for the parabolic line density distribution. The agreement is very good, indicating that, with a simple model of inductive broadband impedance, we are able to reproduce the measurement results. There is a small displacement between the two fit curves, the intercept of the measurements being a bit too high (it should not be greater than 2). However, this overestimation is within the measurement uncertainty of AE3. 
IV. THE PS BROADBAND IMPEDANCE MODEL
In this section we evaluate the broadband longitudinal coupling impedance we expect in the PS by taking into account important contributions of the relevant machine installations, and we compare the results with the measured impedance.
The choice of performing the measurements at the flattop energy of about 26 GeV has been made to reduce the contribution of the direct space charge (capacitive above transition) to the broadband impedance. The space charge impedance due to the nonrelativistic velocity of the charges in a circular pipe of radius b can be written in the form [19] [20] [21] [22] 
with Z 0 ¼ 377 the impedance of the free space, the relativistic Lorentz factor, and g l a geometric factor depending on the transverse bunch distribution. In particular, for a round beam with a uniform transverse distribution of radius a, we obtain the widely used expression
In the case of an elliptic vacuum chamber, it is possible to substitute b with an equivalent radius related to elliptic functions [23] , which, for the PS case (semiaxes 35 Â 73 mm), is b ¼ 43 mm. The absolute value of the imaginary part of the space charge impedance is shown in Fig. 8 as a function of . The contribution to the total broadband impedance at the energy of our interest is Im½ZðpÞ=p ¼ À1:9i .
A very important contribution to the total machine impedance is given by the several ferrite loaded kickers of the PS [24] . The longitudinal impedance for these kickers has been evaluated by using the field matching technique [25] , which was shown to be in good agreement with measurements [26] and Computer Simulation Technology Particle Studio (CST-PS) [27] simulations [28] . The total longitudinal impedance of all the kickers is shown in Fig. 9 .
Also the connection regions between the beam pipes and the vacuum pumps give an important contribution to the geometrical impedance, especially since about 100 of these pump ports are present. Indeed the connection is not a simple hole, and there is no rf shielding in the port of the pumps. In Fig. 10 we show a sketch of two of these structures.
The length of the cylindrical pipe connecting the beam pipe to the vacuum pump does not affect, at first order, the coupling impedance. Simulations have been performed with CST-PS and the results are shown in Fig. 11 . The impedance is only inductive and, for a single pump, its value is ZðpÞ=p ¼ 2:8 Â 10 À2 i . We have also evaluated the impedance due to the resistive wall. For a circular pipe of radius b with high conductivity c , such that c 2 =ð! 2 bÞ and b are much bigger than the skin depth , the coupling impedance is given by
In the case of an elliptic vacuum chamber, as in the PS, b represents the minor semiaxis, and the impedance has to be multiplied by a form factor that depends on the ellipticity of the beam pipe [29] [30] [31] . For the PS vacuum chamber, this form factor is about 0.96. The skin depth depends on the pipe material, which, in our case, is stainless steel 316 LN (about 70% of the machine, with conductivity c ¼ 1:3 Â 10 6 S=m and thickness of 2 mm) and Inconel X750 alloy (about 20% of the machine, with conductivity c ¼ 8:3 Â 10 5 S=m and thickness of 1.5 mm) [32] . The two conductivities give skin depths, respectively, of ¼ 0:6 mm and ¼ 0:8 mm at the PS revolution frequency, both smaller than the material thickness. The impedance contribution due the resistive wall is shown in Fig. 12 for both materials as a function of frequency. The impedance at the revolution frequency [33] is ZðpÞ=p ¼ 2:2ð1 þ iÞ for the stainless steel 316 LN and ZðpÞ=p ¼ 0:8ð1 þ iÞ for the Inconel X750 alloy, while at the bunch spectrum cutoff [34] it is ZðpÞ=p ¼ 0:07ð1 þ iÞ for the stainless steel 316 LN and ZðpÞ=p ¼ 0:02ð1 þ iÞ for the Inconel X750 alloy.
Concerning the rf cavities, we have taken into account the effects of the resonant modes due to the 10 MHz cavities (for a total of 10 cavities), one 20 MHz cavity, short circuited during our measurements, one 40 MHz, and two 80 MHz cavities. All of them can be approximated by single resonance oscillators, as their gaps are short compared to the bunch length and their first higher order modes are well above the fundamental resonance. Their contribution to the total machine broadband impedance is mainly resistive. As an example, in Fig. 13 , we show the shape of the 80 MHz cavity, and the wake potential of a G ¼ 2:3 ns Gaussian bunch, obtained with the numerical code ABCI (Azimuthal Beam Cavity Interaction) [35] (red line), compared to the wake potential obtained by accounting only for the contribution of the fundamental mode (blue line) [36] .
In addition to the pumping ports, an important source of geometrical impedance is due to the numerous step transitions of the PS vacuum chamber. In Fig. 14 we present the vertical apertures (horizontal and vertical) along the machine, showing many discontinuities [37] .
A simplified expression for the low frequency impedance of a step transition in a circular beam pipe can be obtained by solving two quasistatic problems, electrostatic and magnetostatic [38] , and it can be written as
with h the height of the step. By considering a circular pipe from 4 to 8 cm, we obtain ZðpÞ=p ¼ 1:8 Â 10 À2 i . The above expression is, however, approximate for the PS where the beam pipe is elliptic and, as can be seen in Fig. 14 , the steps are not the same in the horizontal and vertical planes. With CST-PS, a simulation of a step out from an elliptic pipe of 35 Â 73 mm to a circular one of 73 Â 73 mm gives an imaginary impedance of ZðpÞ=p ¼ 8 Â 10
À3 i , about half of the value predicted by Eq. (8), as it should be, due to the fact that the step in the horizontal plane is zero in this case.
Other methods to calculate the impedance of a step in a circular pipe take into account the propagating modes of two semi-infinite waveguides, into which the vacuum chamber can be divided, and use boundary conditions at the step transition [39, 40] . In all cases, the resulting impedance for our parameters is purely inductive giving, for the couple of step out/in configurations, a value of about Im½ZðpÞ=p ¼ 1:6 Â 10 À2 i . Another important inductive element is represented by the bellows. The impedance at low frequency can be obtained from that of a short pillbox with a width w much lower that the height h, and it is given by [33] ZðpÞ
with n c the number of corrugations per bellow. For the PS case we have assumed w ¼ 3 mm, h¼ 14 mm, eight corrugations per bellow, and two bellows for each of the 100 dipoles. The total impedance, by considering a circular pipe cross section, is about ZðpÞ=p ¼ 1:1i . However, the chamber of the bellows is not circular, so we expect a bit lower value. Indeed, CST-PS simulations, the results of which are shown in Fig. 15 , give a total inductive impedance of ZðpÞ=p ¼ 0:85i , anyway very close to the one evaluated by using the circular cross section formula.
In Table I we summarize the contributions to the machine impedance due to all the installations that have been evaluated.
In order to compare the study of this section with the measured broadband reactive impedance, since for some elements ZðpÞ=p is not constant but a function of frequency, we have obtained the wake potential of a Gaussian distribution with G ¼ 2:3 ns in both cases. The choice of the bunch length is motivated by the fact that this is one of the shortest bunches we used in the measurements. Figure 16 shows that measured and calculated wake potentials are very close to each other, indicating that an inductive impedance is a fairly good model for studying the longitudinal single-bunch beam dynamics of the PS.
Instead of a purely inductive impedance, we could also use a broadband resonator model with an impedance of the kind 031001-8
with R s the shunt impedance, Q the quality factor, and ! r the resonant frequency. At low frequency ! ( ! r , this can be approximated with
If we consider a quality factor equal to 1 [41] and a resonant frequency equal to the frequency cutoff of the elliptic beam pipe [42] , which in the PS is 2.54 GHz, with ZðpÞ=p ¼ 18:4i , we get R s ' 98k . The wake potential of this broadband resonator impedance for a Gaussian bunch of 2.3 ns is exactly the same of that of a pure inductive impedance.
An improved model of the machine impedance can be obtained by observing that there is a small asymmetry in the wake potential given by the impedance budget, which is mainly due to the resistive contribution to the impedance of the rf cavities and the ferrite loaded kickers. More precisely the impedance can then be derived from the Heifets-Bane model [42, 43] , of which we maintain only the first two terms, the inductive and the resistive one, which best describe our particular impedance-generating elements. In Fig. 17 , we show, with the red curve, the wake potential given by this improved impedance model, with an inductance of L ¼ 5:67 H, which corresponds to ZðpÞ=p ¼ 17i , and a resistance of R ¼ 294 , which corresponds to ZðpÞ=p ¼ 2 if evaluated at the bunch spectrum cutoff. Finally we observe that the wake potential can also be well fitted by a broadband resonator with a resonant frequency of f r ¼ 0:5 GHz, and a shunt impedance of R s ¼ 17:5 k, as shown with the black curve in the same figure. It is interesting to observe that this resonant frequency corresponds approximately to the frequency at which the real part of the kickers' longitudinal impedance has its maximum.
V. CONCLUSIONS AND OUTLOOK
The inductive broadband longitudinal coupling impedance of the CERN Proton Synchrotron has been measured from the incoherent quadrupole frequency shift as a function of single-bunch intensity, and the resulting value was Im½ZðpÞ=p ¼ ð18:4 AE 2:2Þ . The procedure and the diagnostics now available can be used to monitor the impedance over the coming years, especially after new elements are added or others removed from the machine, also with a view to the LHC Injectors Upgrade project. Moreover, an analysis of the contributions to the total broadband impedance of several installations, such as ferrite loaded kickers, rf cavities, resistive wall, space charge, and many geometrical impedances, has been performed. The calculated total impedance at the frequency of the bunch spectrum cutoff is in good agreement with the measured effective impedance of the PS, assuming a parabolic distribution for the evaluation of the latter. We remember, however, that the numerical calculations with CST-Studio and ABCI are based on a Gaussian bunch. The inductive impedance model, or the improved models presented that also take into account a small resistive contribution to the total impedance, can be used to study, with the help of a simulation code, the beam dynamics under the effects of wakefields.
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APPENDIX
In Table II we show the measured incoherent quadrupole frequency shift and bunch length (standard deviation G for Gaussian fit, total length b for parabolic line density fit) at different beam intensities and rf peak voltages. 
